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A directed packing is a maximal collection of k-subsets, called blocks, of a set of cardinality 
v having the property that no ordered t-subset occurs in more than one block. A block contains an 
ordered t-set if its symbols appear, left to right, in the block. The cardinality of such a maximal col- 
lection is denoted by DD(t, k, v). We consider the special case when k =v and derive some results on 
the sizes of maximal collections. 

1. Introduction 

Directed packings are combinatorial  structures which are used in the design 
of  statistical experiments and large computer  networks [3]. A directed packing is a 
maximal collection o f  blocks o f  size k whose elements are selected from a set of  car- 
dinality v with the restriction that no ordered/ -subset  occurs in more than one block. 
The block abed, for example, is said to contain the four triples abe, abd, acd and bcd. 
The cardinali ty o f  the maximal collection is denoted by DD(t,  k, v)and the structure 
is called a (t, k, v) directed packing. 

We examine a special case where k is equal to v. For  (undirected) designs, cover- 
ings and packings this case is profoundly uninteresting as the structure will consist, 
in each case, o f  a single block containing all o f  the v symbols. However,  when the 
blocks are ordered,  non-trivial structures become possible. The (3, v, v) directed 
packings have been examined in [2]. We obtain results which apply for larger t and 
give some (4, v, v) and (5, v, v) packings. 

Some simple facts about  directed packings o f  this I<ind (k = v) can be observed. 
An upper bound,  namely, 

(I) DD(t, v, t') -= t! 

can be derived by count ing the frequencies o f  t-sets. There are c ( c -  I ) . . . ( c - t +  1) 

possible ordered t-sets and (7) o f  them can be packed into each block. Since no /-set 

may  occur more than once the result follows. 

AMS subject classification (1980): 05 B 40 
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It  is also clear that a directed packing containing two blocks, the first with 
symbols in arbitrary order and the second with the symbols in exactly reverse order 
can never contain a repeated t-set. Thus 

(2) DD(t, c, v) >= 2 

for all c. In Fact, for any fixed t and v sufficiently large, this is the maximal directed 
packing as we show in section 2. 

As v increases, the number of blocks in a directed packing cannot increase. 
Formally 

(3) DDft,  v+ i ,  v + i )  -~ DD(t. v, v) 

For all non-negative i. This is because deleting i symbols from a (t, v+i,  v+i )  pack- 
ing gives a structure with v symbols, DD(t, c+i.  v + i )  blocks and certainly no repea- 
ted t-set. 

2. "fhe Erd6s - -Szekeres  Theorem 

A very old result (1935, [I]) due to Erd6s and Szekeres concerns sequences 
containing increasing or decreasing subsequences. Let 7(i.J) be the minimum number  
of  symbols such that writing them down in any order will result in a sequence contain- 
ing either an increasing sequence of i symbols or a decreasing sequence oFj symbols. 

Theorem I [ErdSs---Szekeres]. 

y(i,./') = ( i - l ) ( j - 1 ) + l .  II 

This bound is exact so that it is always possible to write down 7 ( i , J ) - I  symbols 
without either an increasing or decreasing sub-sequence of  the appropriate length. 
We use this to establish 

Theorem 2. / f  v > ( t  1)a+l then DD(t, c, c) 2. 

Proof. Suppose v ' 7 ( t ,  y(t. t ) ) = ( t - l ) Z ÷ l  and we attempt to construct a directed 
packing with more than two blocks. Withot, t loss of  generality, the first block may be 
123...c. Any second block may not contain an increasing t-set and thus must con- 
rain a decreasing subsequence of length ), (t, t). The symbols in this st, bsequence must 
contain either an increasing or decreasing subsequence of  length t in any third block 
since there are ,/(t, t) of them and such a t-sequence is a repeat of  one in block I or 
block 2. Thus there can be at most two blocks and, from (2), at least two blocks prov- 
ing the result. II 

3. A better lower botmd 

Theorem 3.( /  v-= ( t - 1 )  3 then DD(t, v. c)--4. 

Proof. Consider the sels 

{(a, b, ,)}, {(Ra, Rb, ,9}, {(Ra, b, RO}, {(',, Rb, Re)}, 

where a,b, c~ {1, 2 . . . . .  t - I }  and R is the transformation taking i to t - - i  
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( i =  I, 2, . . . ,  t - 1 ) .  I f  these  four sets o f  ( t - l )  a t r ip les  are  wri t ten wi th  the  t r iples  
(a, b, c) a p p e a r i n g  in l ex i cograph ic  o rder ,  and the  o t h e r  sets o f  t r iples  in c o r r e s p o n d -  
ing  o rde r ,  then  t h e y  f o r m  b locks  c o n t a i n i n g  symbo l s  f i 'om a set o f  c a rd ina l i t y  ( t - 1 )  a 
and  n o t  c o n t a i n i n g  any  r epea t ed  t - tuple .  II 

A n  e x a m p l e  will  i l lus t ra te  the  p rocedure .  S u p p o s e  tha t  t = 4 .  T h e n  the  result-  
ing  f o u r  b locks  a re  shown b e l o w ;  a n u m e r i n g  o f  the  t r ip le  f r o m  1 to 27 is also shm~n.  

B l o c k  I B lock  2 B lock  3 Block 4 

111 1 331 25 313 21 133 9 
112 2 332 26 312 20 132 8 
113 3 333 27 311 t9 131 7 
121 4 321 22 323 24 123 6 
122 5 322 23 322 23 122 5 
123 6 323 24 321 22 t21 4 
131 7 311 19 333 27 l l3 3 
132 8 312 20 332 26 112 2 
133 9 313 21 231 25 l i l  1 
211 10 231 16 213 12 233 18 
212 I1 232 17 212 11 232 17 
213 12 233 18 211 10 231 16 

~ 223 J5 221 13 ~1  13 223 15 
222 14 222 14 222 14 222 14 
223 15 223 15 221 13 221 13 
231 16 21l 10 233 18 213 12 
232 17 212 11 232 17 212 I1 
233 18 213 12 231 16 211 10 
311 19 131 7 113 3 333 27 
312 20 132 8 112 2 332 26 
313 21 133 9 I l l  1 331 25 
321 22 121 4 123 6 323 24 
322 23 122 5 122 5 322 23 
323 24 123 6 121 4 321 22 
331 25 1tl | 133 9 313 21 
332 26 112 2 132 8 312 20 
333 27 113 3 131 7 311 19 

Th i s  shows  tha t  the  ErdSs - - -Szekeres  b o u n d  is exac t  and gives the  smal les t  va lue  o f  v 
such  tha t  on ly  lwo  sets can be fo rmed .  It can be genera l i zed  to give : 

T h e o r e m  4. I f  v = p  q tlTelt there are 1~ blocks o f  size c which contain no retreated 
(pq-d+l) -se t ,  where n is the maximum cardinali O" o f  a set C o f  elements o f  {1, R}q 
with minimum H a m m h  N distance d. 

Proof .  Let  B be the  b lock  o f  v e l emen t s  tkmned  by t ak ing  all q - tup les  o f  the  f o r m  
(al, a.,, . . . .  , a~), where  aiC {I, 2, . . . ,  p}, in l ex i cog raph ic  order .  T h e  e l emen t s  o f  C 
a re  q - tup les  o f  t r a n s f o r m a t i o n s  which  are  at a H a m m i n g  d i s t ance  at leas t  d f r o m  each  
o t h e r ;  thus,  fo r  each  R~< C, a n e w  b lock  R* (B) can be f o r m e d  by a p p l y i n g  R*~, {1, R} q 
to  each  q - tup le  (a~, a.,_ . . . . .  aq) in B. 

To  s h o w  tha t  t w o  b locks  contaixl no  c o m m o n  t - tup le  ( t = p q - a +  1) let B be the  
b lock  cons i s t i ng  o f  all  q - tup les  t aken  in l e x i c o g r a p h i c  o rde r ,  and  le t  R* and  S~< C ;  
we show tha t  S * ( B )  and R*(B)  h a v e  no  t- tup[e in c o m m o n .  C o n s i d e r  any  t-subset  o f  
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{I, 2 . . . . .  p}~. Then as t>p q-a, there must be two members of the t-subset which 
agree in those positions where S* and R* agree. Importantly, the first position where 
these two t-tuples disagree is one where R* and S* disagree. Hence they appear in the 
other order in S* than in R ~. As this is true of  any t-set of  q-tuples, the two blocks 
have no common 1-tuple. II 

We illustrate this with an example. Suppose that v=  16, p = 2 ,  q=4 .  Then the 
elements of  {1, R} ~ with minimum Hamming distance 2 are (1, 1, 1, 1), (1, 1, R, R), 
(I, R, 1, R), (1, R, R, 1), (R, 1, 1, R), (R, l. R, 1), (R, R, 1, 1), (R, R, R, R). Thus if 
we form the block {0000, 0001,0010, 001 I, 0100, 0101, 0110, 01l l ,  1000, 1001,1010. 
101 I, 1100, I101, 1110, 11[I} and apply the eight transformations above to it, we 
obtain eight blocks which are, written horizontally in decimal, 

0 I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
3 2 I 0 7 6 5 4 II 10 9 8 15 14 13 12 
5 4 7 6 1 0 3 2 13 12 15 14 9 8 11 10 
6 7 4 5 2 3 0 I 14 15 12 13 10 11 8 9 
9 8 11 10 13 12 15 14 1 0 3 2 5 4 7 6 

10 11 8 9 14 15 12 13 2 3 0 1 6 7 4 5 
12 13 14 15 8 9 10 11 4 5 6 7 0 1 2 3 
15 14 13 12 I1 10 9 8 7 6 5 4 3 2 1 0 

It is easy to see that this collection does not contain a repeated 5-set. 
Tiffs theorem gives a number of  lower bounds on the number of  blocks possible. 

The table which follows gives some lower bounds based on Theorems 3 and 4, and on 
the specific examples of  packings given in the next section. 

Table 1 

Lower  Bou,uls on D D ( t ,  t', e) 

" \ t "  
t ~  4 5 S 7 8 9 II  l{i 25 27 32 64 81 128 

\ 

3 
4 
5 
9 

10 
17 
28 
33 

4 2 ~  
24 15 12 8 6 4 2 ~  

120 63 48 27 8 4 2 -- 
16 

8 
32 

16 
64 

Notice that the table entries decrease across each row, from (3), and increase 
down each column since a collection of blocks containing no repeated t-triple cer- 
tainly contains no repeated ( t+  I)-triple. Thus lower bounds on the number of  blocks 
in other packings are implied. 
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, 

2. 

3. DD(4,  v ,v )  = 2 for v > 2 7 .  

We show first tha t  DD(4,  5, 5 )=24 .  

4. The Packing Numbers  DD(4, v, v) and DD(5, v, v) 

F r o m  the results o f  the previous sections the following facts follow: 

DD(4, v, v) ~. 24, 

DD(4, v,v) ~ 4 for v _ < 2 7 ,  

I f  this is the case then every ordered 4-set must 
occur  exactly once. Let i be the number  of  times a symbol  appears  in the first position, 
j t h e  n u m b e r  o f  times it appears  in the second position and k, l, m the number  of  times 
it occurs in the third, four th  and fifth posit ions respectively. Then i, j ,  k, I, m must 
satisfy the following set o f  equations.  

4 i + j  

3.1 + 2k 

2k + 3/ 

= 24 

= 24 

= 24 

Type  1 i :  4, j :  8, k = 0, l =  8, m = 4. 

Type  I i" i =  5, . j = 4 ,  k =  6, / = 4 ,  m :  5. 

Type  l l I: i =  6, j : 0 ,  k : 12, l =  0, m = 6. 

Since every position in every block must  be filled, i f  there are A points o f  type I, B 
points  o f  type I I  and C points  o f  type I l I  then A, B and C must satisfy the following 
equat ions:  

4 A + 5 B +  6 C =  24 

8A + 4B = 24 

giving the three solutions 

(a) A = 1, B = 4 ,  C =  0 

6B + 12C = 24 

(b) A = 2, B =  2, C =  1 

(c) A = 3, B =  0, C =  2. 

/ + 4 m  = 24 

This set o f  eqvat ions  has three solutions:  
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Suppose that in a solution of type (c), a and b are the symbols of type III. All 
blocks have either a or b in the centre position, and thus there are six blocks of the 
form a x b x x .  This gives twelve quadruples of the form a x b x ,  but there are only six 
different such quadruples. Hence there is no solution of type (c). 

In considering solutions of type (a) and (b) we take the 24 permutations of 
{a, b, c, d} (calling these 4 - b l o c k s )  and insert e in each one (forming a blcJck),  a~oiding 
any repeated quadruple. We find tbur essentially distinct designs. 

Firstly we look at solutions of type (b). Let a and b be the symbols of type I,  

c and d of type I I  and e of type Ill. Now, for any four 4-blocks of the pattern 

a c b d  a c d b  c a b d  c a d b  

we can insert e (in positions I, 3 or 5) in only one way. Since a and b do not appear 
in the third position of a block, c a e b d  is a block and a c b d e  is not. Also, a c e d b  is not 
a block (for otherwise we have a repeated quadruple, a e b d )  and so e a c b d  is a block. 
Similarly c a d b e  is a block. Again, avoiding repeated quadruples requires a c e d b  

to be a block, and we have 

e a c b d  a c e d b  c a e b d  c a d b e .  

However, for the tk)ur 4-blocks 

a b e d  a b d c  b a c d  b a d e  

we can insert e in two ways, to get either 

a b e c d  a b d c e  b a c d e  b a e d c ,  or 

a b o d e  a b e d c  b a e c d  b a d c e .  

We have a similar choice for the four 4-blocks 

c d a b  c d b a  d c a b  d c b a .  

rfhe four designs resulting are the two shown below and the two got from these by 
interchanging c and d. 

(1) (2) 
e a c b d d b c a e e a c b d d b c a e 
a c e d b h d e c a a c e d b b d e c a 

c a e b d d b e a c c a e b d d b e a c 
e" a d b e e b d a c c a et b e e b d a c 
e a d b c c b d a e e a d b c c b d a e 

a d e c b b c e d a a d e c b b c e d a 

d a e b c c b e a d d a e b c c b e a d 
d a c b e e b c a d d a c b e e b c a d 
a b c d e e d c b a a b c d e d c e b a 

a b e d c c d e b a a b e d c e c d b a 
b a e c d d c e a b b a e c d e d c a b 

b a d c e e c d a b b a d c e c d e a b 

In checking that these have no repeated quadruple, the reader may note that a block 
with e in position i cannot  have a quadruple in c o m m o n  with a block with e in position 

.j if [ j - i l > l .  
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We now cons ider  solut ions  o f  type (a), lett ing e be the e lement  o f  type 1. Of  
the six 4-blocks  o f  the fo rm a x x x ,  let  n(a)  have e inserted in posi t ion 2. As there may 
be no repea ted  quadrup le ,  n ( a ) ~ 2  (e.g. a b e d  and  adcb ,  becoming  a e b c d  and 
a e & ' b )  and these two 4-blocks  must  have the same e lement  in posi t ion 3. But as 
n ( a ) + n ( b ) + n ( c ) + n ( d ) = 8 ,  n ( a ) = 2  etc. Thus  the eight 4-blocks to which e is 
inser ted in posi t ion 2 consis t  of  two with each of  the pairs  (a,  O(a) ) ,  (b ,  O(b) ) ,  
(c ,  O(c ) )  and (d ,  O(d ) ) ,  say, in pos i t ions  (1 ,3) .  We show tha t  0 is a bijection.  Suppose,  
on the con t r a ry ,  tha t  O(a) = O(b) = d .  Since d appears  in the four th  pos i t ion  o t ' exac t ly  
four  b locks ,  O ( c ) # d ,  and also there  are no blocks  o f  the form e x x d x .  Thus  the one 
block c e x x d  and k blocks  o f  the fo rm e x x x d  give 3k  + 1 quadruples  o f  the form e x x d  
and  so we canno t  get the six quadrup les  once each. Hence this case is impossible.  

S imi lar ly  we look at  the pairs  o f  e lements  (~p(x) ,  x )  in posi t ions (2,4) o f  those 
4-blocks  in to  which e is inserted in pos i t ion  4. Given O, the choice o f  ~,0 is l i lnited by 
the fact tha t  no ( x ,  (D(.r), 0(.v), y )  may be a 4-block.  We have three possible  patterns.  

(a) (b) (c) 
,x: 0.¥ (py F x Ox (p.)' J' x 0.¥ (py J" 
a b a c a d a c a c d a 
b a c a b a c a c a a b 
c d b d c b b d b d b c 
d c d b d c d b d b c d 

In each case, for each o f  the eight  4-blocks  remaining,  there is only  one choice 
as to whether  e is inserted in posi t ion 1 or  5, and  a design with no repeated qua-  
druples  results. As each o f  these three pa t te rns  can be p roduced  in 6 ways,  there are 
eighteen such designs.  The  designs f rom pa t te rns  (b) and (c) are ob ta ined  from each 
o ther  by reversing blocks.  The designs f rom pat te rns  (a) and (b) are given below. 

(3) (4) 
a e c b d b a U e c a e b d c b a d e c 
a e d b c d a b e c a e c d b d a b e c 
b e c a d b c d e a b e c a d b c d e a 
b e d a c d c b e a b e d a c d c b e a 
c e a d b a b c e d c e a h d a b c e d 
c e b d a c b a e d c e d b a c b a e d 
d e a c b a d c e b d e a c b a d c e b 
d e b c a c d a e b d e b c a c d a e b 
e a b d c a c d b e e a d b c a c b d e 
e b a c d c a b d e e b a c d b d c a e 
e c d b a b d c a e e c b d a c a d b e 
e d c a b d b a c e e d c a b d b a c e 

Therefore ,  up to in terchanging symbols  and reversing all blocks,  there  are four 
dis t inct  designs,  and D D ( 5 ,  6, 6 ) = 2 4 .  

The poss ibi l i ty  o f  es tabl ishing many  more  results  compu ta t iona l ly  seems 
remote .  Essential ly,  determinfi lg  D D ( t ,  v, v) involves searching a tree o f  dep th  t! 
wi th  o rder  v! possibi l i t ies  (all pe rmuta t ions  on v symbols)  at each node  and for any 
but  very small t and v this is impract ical .  
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Computer searches have shown that DD(5, 6, 6 ) =  120, DD(5. 7, 7)>63, 
DD(5, 8, 8)-:-48 and DD(5, 9, 9)---_:27. Note also that DD(5, 16, 16)~8, from 
Theorem 4. 

The configuration with v = 6  was found using a computer program ~hich 
took the 120 permutations of {I, 2, 3, 4, 5} and found ways to insert 6 somewhere 
in each of them to obtain a (5, 6, 6) directed packing. The method of this program 
will be reported elsewhere [4]. 

The packing with c = 7  is found by taking the "initial" blocks 1234675. 
1254736 and 1437526, multiplying each by 1, 2 and 4 (rood7), and adding 
1 (mod 7) 6 times. 

For the packing with v=8,  the symbols represent elements of GF(8), where 
the symbol i represents x~(i= 1 . . . . .  7), 8 represents the zero element, and .v + .v ' - ' -x  ~. 
We take the "initial" blocks t5342768 and 14687253, take the square and fourth 
power of  each element (these are automorphisms of  GF(8)), and add each element. 
1 . . . . .  8, in turn. (Thus the 'initial" blocks appear m the 8th and 32nd positions.) 

For the case v=9 .  we look at GF(9), although we only use its propertie., as 
a 3-dimetlsional vector space over GF(3). We let i represent x", 9 represent the zero 
element, and let x+ xa= .vL  To the "initial" block 132578469, we apply each power 
of  the linear transformation (124)(3)(568)(7)(9) (as it appears written as a perlnu- 
tation in cycle form), and add each element I to 9 in turn. (Thus the "initial" block 
appears last). 
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